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A new calculation method presented here for interpreting batch or tubular-flow reactor

dota (ond also CSTR date) on three-component, three-reaction

reversible systems is

based upon the general analyses of Jost and of Wei and Prater. With advance knowledge
of the pertinent equilibria, even a very few experimental points can be matched easily
and rapidly to the given figures and equations. The simplification involved when one re-
action disappears, with the divarignt system thus becoming monovariant, is also described.

Representative concentration-time curves are given for design purposes.

Several ways exist for analyzing complex reaction sys-
tems, some general and some rather specific. For a pair
of consecutive irreversible reactions involving three com-
ponents, Jungers et al. (5) have presented graphs that
can be used for numerical solutions for batch reactors or
for tubular-flow conditions. Levenspiel (6) describes ap-
plicable procedures for such reactions and includes a
treatment for the continuous stirred-tank reactor. Chien
(2) and Chermin and van Krevelen (I) have analyzed
reaction systems involving three components having vari-
ous orders for the two reaction steps.

Siewert et al. (9) have developed graphs for analyzing
consecutive reactions involving three components, having
one reversible step and one irreversible step. Both tubular-
flow and continuous stirred-tank reactors are covered, with
two of the three rates being first order and the third either
first or second order. Lowry and John (7) have given
algebraic solutions for two consecutive irreversible reac-
tions in tubular flow or batch, where all steps are first
order. Vriens (10) provides equations for coupled revers-
ible reactions, either consecutive or competitive.

Rodiguin and Rodiguina (8) have extended this type
of analysis to a large number of consecutive and competi-
tive reversible steps. From a still more general approach,
Jost (4) and Wei and Prater (12) have presented a
matrix method for analyzing first-order reaction systems
involving any number of mutually accessible components.
Wei (11) extended this method to include reactors with
a distribution of residence times, including the continuous
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stirred-tank reactor.

The following new method for analyzing three-com-
ponent reaction Sf/stems, based on the analysis by Wei
and Prater, is applicable to all reversible first-order, three-
component systems. It is more specific and direct than the
preceding analyses, because in it the degree of variability
is recognized, and this is used to identifi: the minimum
required number of experimental points. The most difficult
problem in kinetics is to interpret experimental data. In
this new method, the needed kinetic parameters can al-
most always be solved from as few as three composition
points along a single reaction path, with the correspond-
ing reaction times, in addition to the equilibrium and
starting compositions.

REACTION STEPS KNOWN AND RATES KNOWN

Figure 1, adapted from Wei and Prater, is the composi-
tion diagram for the following three-component reaction
system:

C

7N

A=2B
The reaction steps are first order, with the stoichiometry
the same as the kinetics. Reaction is assumed to occur at
constant density and constant temperature. For a given
set of six rate coefficients, the contours show the reaction
path toward equilibrium, starting from any nonequilibrium
composition on the entire diagram. This type of contour
map, for a given chemical system, can only be calculated

when the equilibrium and kinetic parameters have all
been determined.
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A B
Fig. 1.

Typical reaction paths for o three-component reaction
system.

In the Wei and Prater method, a sequence of experi-
mental runs is made, in which the starting composition
for a preplanned run is determined by drawing the appar-
ent tangent (at the equilibrium point) to the experimen-
tal reaction-path curve from the preceding run, and ex-
tending the tangent to the edge of the diagram. Even-
tually a reaction path that is a straight line is found. After
this straight line, or characteristic line, is located, the
other characteristic line can be calculated and the rate
coefficients determined.

The general three-component reaction system has six
rate coefficients associated with it, as shown in Figure
1. In conformity with microscopic reversibility, the three
forward rate coefficients (k’s) are related to the respective
reverse coefficients (k's) by the equilibrium constants

(K’s):

1 kas

Kup = =-— (1)
Ky ks
1 ksc

Koo = o = K26 (2)
Kic K
1 kca

Kca = =— (3)
KL, ki

(Subscript letters on the forward steps indicate reactant
first, then product, reversing the se(%uence used by Wei
and Prater.) For Figure 1 specifically, Wei and Prater
have given the parameters

Kip=1 kas =1
Kge =3 ksc/kap = 33
Kea=1/3 kca/kap = 18.5

The three equilibrium constants are related, so that only
two are independent:

KapKscKea =1 (4)

For known equilibrium, the six rate coefficients reduce to
three independent unknown parameters. Here these pa-
rameters are selected to be a single forward rate coeffi-
cient and two ratios involving the three forward rate coeffi-
cients, for example, kap, ksc/kap, and kca/kap. The re-
action path on a triangular composition diagram depends
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only on the two ratios, each of which must be positive.
Hence the reaction system is called a divariant system.
Many reaction systems involving three components are
not as general as the divariant system. Often one of the
reaction steps does not occur; then the system simplifies
to one of the following monovariant, or noncyclic, types:

c c C

4 v N

A=B A=B A B
1 i 11

Although the assignment of component numbers is arbi-
trary, it is necessary to consider this group of reactions
as separate possibilities, so as to compare tEeir combined
behavior with that of a divariant system. For this reason
they are designated in sequence as type I, type II, and
type III. The number of independent rate coefficients re-

uces to two in these noncyclic cases. The reaction path
on a triangular composition diagram depends only on the
ratio of rate coefficients for the two steps, and the non-
cyclic reaction system is termed monovariant.

REACTION STEPS KNOWN AND RATES UNKNOWN

For an experimental multireaction system, usually the
starting and equilibrium compositions are readily known,
but not the constants that define the reaction path be-
tween them. At this stage of the problem, many paths be-
tween these two compositions are possible. All such paths
lie within a restricted region of the three-component dia-
gram, which is established only by the starting and equi-
librium compositions.

The determination of the unknown rate ratios that gov-
ern a reaction path is equivalent to comparing the ob-
served reaction path with each of the possible paths be-
tween the starting composition and the equilibrium to
determine which one it matches best. Thus Figures 2 to
53 which follow are curves showing a range of possible
reaction paths—possible in the sense that no comparison
has yet been made with experiment—for a specified start-
ing composition and known equilibrium. (Each of these
systems has the same equilibrium composition as the sys-
tem in Figure 1.) By contrast Figure 1 is a contour family
of reaction paths for all possible starting points, for one
specified set of rate ratios.

A J 0 B

Fig. 2. Region of allowable reaction paths for o type | monovari-
ant reaction system, starting from o specified composition O.
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Consider the monovariant system in Figure 2, which
corresponds to type I. Point O is the starting composition
of an experimental run and point E is the equilibrium. At
any composition on the diagram the reaction rate is the
vector sum of two partial vectors, each one representing
the net rate for one of the two reaction steps. At point P
the partial vector rsp represents the net rate from species
A to species B. It lies parallel to the isoconcentration line
(isocon) QJ, is directed toward the equilibrium line JE,
and has a magnitude proportional to the net rate of the
AB reaction step. The partial vector rcs represents the
net rate from species C to species A. It is parallel to the
isocon OM, and is directed toward the equilibrium line
ME.

If the reaction between components A and B is very
fast, the composition fravels along isocon O], and then
moves slowly along the equilibrium line JE. In this case
kca/kap is zero. If the reaction between components A
and C predominates, then rapid equilibrium is attained
along isocon OM, followed by a slower reaction along
the equilibrium line ME. In this case kca/kap is infinite.
Intervening reaction paths all have finite values of kca/
kap, and are all contained in the quadrilateral OJEM.
(The reaction paths shown have not been calculated, but
are schematic. )

The irreversible consecutive reaction system considered
by Levenspiel (4) and many others is a monovariant sys-
tem entirely analogous to this type. For this variant of
the present case, point O would move to vertex B, point
J to vertex A, and point E to vertex C; thus the applica-
ble reaction sequence would be B — A — C.

The type 11 monovariant system shown in Figure 3 has
a rate vector which can be resolved into vectors r g and
rpc, as shown at point P. These vectors represent the net
rates between components A and B and between compo-
nents B and C, respectively.

If a reaction proceeds from starting composition O to
equilibrium composition E, the path will follow some
curve lying within the envelope OJLEN. If kpc/kap is
very large, the composition proceeds along isocon OL and
then slowly along equilibrium line LE. If kgc/kap is zero,
isocon OJ and equilibrium line JE constitute the asymp-
totic reaction path. The other possible reaction paths be-
gin at point O, move to the left, and curve upward, away

A B

Fig. 3. Region of allowable reaction paths for a type 1i mono-
variant reaction system, starting from a specified composition O.
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Fig. 4. Region of ollowable reaction paths for a type 11l mono-
variant reaction system, starting from o specified composition O.

from isocons OJ and ON. To the right of equilibrium line
JE, neither rsg nor rac changes direction. Thus all paths
cross this line, at which time rap is zero. After this time,
rap is directed toward the right, which prevents the reac-
tion paths from crossing equilibrium line LE before reach-
ing point E.

The type III monovariant system shown in Figure 4 has
a rate vector that combines rpc and rca. If kea/kpe is very
large, the asymptotic reaction path is OME. OLE is the
asymptotic path if kca/ksc is zero. Other reaction paths
begin at composition O and move upward. During this
time components A and B are being transformed into com-
ponent C. There is nothing to prevent one of these steps
from reaching its partial equilibrium momentarily, and
then having its net direction reversed due to the progress
of the other reaction step. Later it will be proved that for
all curved reaction paths, in this case, one of the two re-
action steps must change its direction during the course
of a reaction. Thus each curved reaction path crosses an
equilibrium line, LE or ME, before reaching equilibrium.
All reaction paths are contained within an envelope curve
LEM and the two isocons OL and OM. The envelope is
smooth, and a tangent at point E can be related to the
straight-line reaction path OE by a method to be given
later.

As equilibrium is approached in each of the three
monovariant systems, the reaction proceeds in such a way
that the component at one end of the chain is decreasing
in concentration, while the concentration of the compo-
nent at the other end is increasing. For example, in Fig-
ure 4, along the paths left of the straight line OE, near
equilibrium, there is a net reaction from species A through
species C to species B; along the paths to the right of line
OE, the net reaction occurs from species B toward species
A

The reaction paths in the three monovariant systems
form a continuous family of curves, which extend from the
reaction path OME through the curves in Figure 2 to
reaction path OJE, and from this path through the curves
in Figure 3 to the asymptotic path OLE, and from this
path through the curves in Figure 4 back to the asymp-
totic path OME. As the reaction paths in the three sys-
tems approach equilibrium, they form a single family of
lines radiating from point E over an angle of 180 deg.
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A J 0 B

Fig. 5. Region of ollowable reaction paths for a divariont
reaction system, starting from a specified composition O.

The boundaries for all possible reaction paths in the
monovariant systems provide the limiting curves for the
double infinitude of permissible paths in the divariant
system. This region is enclosed by the heavy boundary
OJLEM in Figure 5.

RATE EQUATIONS

Equations (5) are the batch rate equations for the
three-component divariant reaction system typified by
Figure 1:

dx )
7;1 = — (kap + kéA)xA + kI\BxB + kcaxc
dxa
dt
dxc
dt

= + kapxs — (k,:B + kpc)xs + k;cxc L (5)

= kéAxA + kpexs — (keca + k;zc)xc

where x4, etc., designate the mole fraction of each com-
ponent, relative to the total concentration of all three
components; that is, x4 + x5 + x¢c = 1. Wei and Prater
have derived the general solution for the foregoing system:

Xp— Xpe = {{(xa0 — xae) + ur(xBo — xBe)Juse M1t
Ug — Uy
— [(xa0 — Xae) + t2(xBo — xpe) ] w1e~22'}  (6a)
XB — XBe = {—[(xa0 — xae) + ¥1(xpo — xpe)Je~M1¢
U — Uy
+ [(xa0 — xae) + uz(xB0 — xBe) Je 2t} (6D)
x¢ — Xce = — (Xa— Xpe) — (XB — Xpe) (6c)
where
~xa+xb+\/z' _ Ka+Kb—‘\/.A&
1 2 s 2 — 2
Ka""b—\/K Ka_Kb+\/‘&
= ————— U= ——————
2k 2k,
and

A = (xg— xp)2 4 4Kckq
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For given equilibrium behavior, with three independent
rate coefficients

xa = kca + kea + kap = kca(l + Kea) + kas
xo = kpc + kac + kip = ksc (1 + KI!C) + kasK)s

+
ke = kap — knc = kas — kpcKic

ks = kap — kea = kasKhs — kca
The equilibrium concentrations x4, and xg. account for
two degrees of freedom in the rate coefficients. The three
remaining degrees of freedom are specified by the param-
ters Aj, Az, and u; or u,.

The interdependence of 4, and u; can be established in
the following way. From the above definitions

— A
ul+uz=xd Kb; uz—“1='\/—' (7a)
Ke X
“1“2=—K—d- (7b)
Ke
Hence
k
Uy +02=£{(—K;B +1)
Ke
(8)
k
B ke 1)+ ER kL 4 1)}
kap kas

The rate ratios kgc/kap and kca/kap can be evaluated in
terms of x4 and «., respectively. Substitution in Equation
(8) gives

1  «a

u1+u2=1+l—<—,———(1+K2A)
Bc ¢
=14 Kpc + titie(1 + KC"A) (9)
Solution for uy in terms of u; then gives
14+ Kgc—u
sy + Kgc 1 (10)

T1-w(l+K)

It is noted that u, and u; are interchangeable in this equa-
tion.

Differentiation of Equations (6a) and (6b) gives the
following rate relations:

dxA _
dt

1

{— [ (x40 — xa¢) + t1{XBo — XBe) Jusrie™21¢
U — Uy

+ [(xa0 — %ae) + uz(xp0 — xpe) Jurhe ™2t} (11a)
de _
dt

1
{[ (x40 — %ae) + u1(xBo — XBe) ] e~ 1
Uy — U

(11b)

The significance of the two exponential terms in these
two equations will now be explained. For this purpose, use
is made of Figure 8, which shows a three-component reac-
tion system with two characteristic lines QQ and SS pass-
ing through the equilibrium point E. Line QQ is de-
scribed by

— [(xa0 — Xa¢) + u2(xBo — xpe) ] A€ ™22t}

XA — Xpe = — us(xg — XBe) (12)
Line SS corresponds to

X4 — Xae = — U1(Xp — XBe) (13)
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A B

Fig. 6. Rate vectors for a typical three-component reaction system.

Straight-Line Reaction Paths

Suppose that a composition at the start of a reaction
satisfies Equation (12), in the form

(%40 — Xae) + ua(xBo — %Be) = 0 (14)

Then Equations (6e¢) and (6b) simplify because the
coefficients of e~*2¢ vanish, and the reaction path becomes

(15)
(16)

Thus the composition will then follow the characteristic
line QQ toward equilibrium throughout the reaction. The
corresponding rate equations are

Xa— %ae = (Xa0 — Xae) €7 M¢

xB — Xpe = (%XBo — Xge) €™ M°

dxA

T = (%a0 — me) oM = — N (x4 —xae)  (17)
de

a (%80 — ¥Be) Me ™Mt = — A (xp — %)  (18)

In Figure 6 R, is a vector representing the reaction rate
for this path. It has two component vectors whose magni-
tudes are given by Equations (17) and (18).
Alternately, if Equation (13) is satisfied by the initial
composition, then Equations (6a) and (8b) reduce to

X4 — Xae = (Xa0 — Xae) M2t (19)
(20)

R; in Figure 6 is a rate vector directed along line SS, that
has two component vectors with magnitudes

Xg — Xpe = (%o — Xp.) €~ M2t

nitudes given in Equations (1la) and (11b). On the
right side of these equations, the first exponential terms
are magnitudes of the components of R, displaced to point
O. The second exponential terms are the magnitudes of
the Rz components displaced to point O. Thus R is a vec-
tor sum of Ry and R, In other words, the reaction rate
along the path OE can be described as the resultant of two
independent rates, each having the direction of one of the
characteristic lines, for which A; and ), are the respective
rate coefficients. As Ay > Ag, R, approaches zero faster than
Rs, and all curved reaction paths become tangent to the
line SS as equilibrium is approached.

INTEGRATED RATE EQUATIONS IN
DIMENSIONLESS FORM

Let F4 and Fp be dimensionless measures of the con-
centrations of species A and B, as fractional departures of
concentration from equilibrium:

XA — Xae

Fy = ————— (23)
XA0 — XAe
Xp— X

Fp=—2_"F (24)
XBO — XBe

Also the parameter H is taken as the ratio of the two
initial departures from equilibrium:

XBo — X,
H=-20_""8 (25)
XA0 — X4e

Combination of Equations {23) to (25) and (6a) and
(6b) gives

1

Fp=————[(1+ wH)uee Mt
(uz — uy)
— (1 4+ uyH)use~22t]  (26)
1
Fp=—o—— [~(]1 H)e— Mt
? (Uz—ul)H[ (1 + wH)e™

+ (1 + usH)e 22t]  (27)
Parameters U and V are then defined as
(1 + usH)

U (28)
Uz — Uy
U 1 H
Ve — ot (29)
ulH H(u2 —_ ul)

The terms in u;, 4, and H in Equations (28) and (27)
can be entirely replaced by terms in U and V:

Fa=(1+U)eM—U g (30)
Fg=(1+V)e M-V g2t (31)

Master Plots

It is desirable to find a conversion variable that can
be plotted as a function of a time variable and a contour
parameter. It will now be shown that U (or V) can be

dxa ] N

axa _ ot — _ used as this type of contour parameter. Division of Equa-

dt (%40 — %ae) Ape ™2 Mo(ma —24e)  (21) tion (31) by Equation (30) gives

de FB 1+ V(l hd 90\1_)‘2")

=2 — — (xpo — ¥pe) MMt = — hy(x5 — 22 L :

di (%o — xpe) g ™2 2(xp — xpe) (22) Fa 1+ U(1— o) (32)
Curved Reaction Paths Subtraction from unity then gives

If the initial composition of a reaction system does not

lie on either characteristic line, as is the case for point O Fg (U—V) [1—eM—rt]
in Figure 6, then Equations (6a), (8b), (11a), and (115) 1 R T U [L—etr]
will describe the composition and rate of the system as 4 Goy=hodt
a function of time. In Figure 6 the rate is represented by = (1—V/U) U[l—eM21] (33)
the vector R, which has two constituent vectors with mag- 14 U[[1—eM22t]
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A concentration variable Q is now defined as
1—Fg/Fa ( wH ) ( Fg )
= = 1= 34
© 1-Vv/U 1+ wH Fu (34)

with V = —U/u H as in Equation (29). Also a time vari-
able T/U is selected, such that

T/U= (Aa— M)t

(35)

and
U(l—e-T/)

C=Trva—-

Since U depends upon u,, uz, and H, and u, is related to
t; by Equation (10), U is a function only of u, and H.

For extracting the lumped rate coefficient Ay or X, it is
necessary to compute the time behavior of the constituent
vector Ry or Ry. For example, R; (dependent upon 1)
can be extracted from Equations (26) and (27) in the
following way. These relations, with the former multiplied
by (us — uy) and the latter by u,H(us — u,), can be
written as

(36)

(ug — u))Fp = (1 + uyH)uge Mt — (1 + uH)use—ret
(37)
uH(ug — 1) Fp = — (1 4+ u,H)ue Mt

+ (1 + uH)uje~22t  (38)

Addition, with division by (uy — u;) (1 + w,H), gives
the ratio Fy:
_ Fs 4+ u,HFp

Fi= = e Mt 39
1 1+ uH e 1 (39a)
The corresponding ratio Fy is obtained similarly:
Fa+ uHFp
Fo= ———————— = g~ Mt 39b
z 1 + ‘llgfi ¢ ( )

Dimensionless Plots

Figures 7 and 8 have been calculated from Equation
(36), and show Q (or |Q|) as ordinate with a family of
U values. From the definitions of A; and A following
Equations (6), always A; > Xp, and hence T/U (= —(\,
— \o)t) is always negative. Figure 7, with T as abscissa,
holds for negative values of U and positive values of T.
Figure 8 applies for the opposite case, with positive U
and negative T. In the latter case Q reverses sign as |T|
increases, going to —20 and returning from -+ co. For plot-
ting convenience this cusp has been used as an axis in
Figure 8, where the abscissa is the parameter T”:

T"=T/(T),_, (40)

Equation (38} shows that at small |T{, Q =~ UT/U =
T. At large |T|, Q approaches an asymptotic value of 1.
At the cusp of Figure 8, where the denominator of Equa-
tion (36) is zero

N
S
5 ] .

S
'

-

D

L

=~
< \_
-05> - -2» @
N

S
w
N —
(8)]

|0'2 2 5

T

Fig. 7. Dimensionless master plot with negative U values as
contours.
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Fig. 8. Dimensionless master plot with positive U values as contours.

(T) =+ Uln[U/(1+U)] (41)

Q= o0
For the limit of U = o0, Equation (38) reduces to
Q=T/(1+T) (42)

Approach to Equilibrium

The evaluation of u; at compositions in the region close
to equilibrium will now be investigated for all possible
reaction systems which fit the initial and equilibrium com-
positions, points O and E, in Figure 9. H is positive val-
ued for these compositions. For the limit of = o, Equa-
tion (38) reduces to

@, =1 (43)
Equation (34) then simplifies to
) --(2=x)
ul I e — ————— = —_— D —
H FB = XB — XBe = w
(44)

which is the equation for characteristic line SS of Figure
6, given earlier as Equation (13). All possible reaction
paths converge at point E in the 180-deg. sector that lies
below line WW’, the tangent to enveloping curve JLEM
shown in Figure 5. In rotating clockwise through this
semicircle, u; continually decreases, except over isocon
I'l’, where u; has a discontinuity in changing from —eo to
+o. Along isocon JI, uy is zero. As line WW’ is ap-
proached, that is, as the u; characteristic line approaches
line WW’, the u, characteristic line is approaching line
OE. Hence the slope of line WW” can be obtained as a
particular —u;, by Equation (10), by taking the cor-
responding —u;, as the slope of line OE (= 1/H):
(xA—'er) _ 1+ H(Kgc +1)
wwe

= (44a)
H + KZA-&- 1

XB — XBe
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Figure 9 shows the intervals of u; values in the various
regions close to equilibrium.

For the three monovariant systems, the ranges of ap-
plicable u; values are bounded by values of u; for the
three pseudo-equilibrium lines:

u; = —Kis along CC’
tt; = Kpc + 1 along AAY
u;=1/(Kéa +1)  along BB’

From the regions of permissible reaction paths for these
initial and equilibrium compositions, —1/Ksp < 4 <

1/(Kéa + 1) for the type 1 monovariant system, and
either u; > (Kgc + 1) or u; < —1/Kyp for the type 11
system,

For the type III system, 1/ (K;A + 1) < u; < (Kge
4+ 1); that is, the reaction paths for this system converge
to equilibrium in the sectors bounded by angles AEW and
MEW’. This can be shown by starting from the basic

definitions. For this system, ke = kCA(KI:A + 1), kp =

kec(Kpe + 1), ke = — kscKse, and kg = — kea. Since
both «. and x4 are negative, 4; > 0. The definition of u;
corresponds to
Uy = Ka_Kb"[(Ka_z“Kb)2+4Kch]V2 (45)
Ke

Transposing (ks — «b)/2x. and squaring both sides, we

obtain
_ 2 —_— 2
[ul—"" "”] =(’“’ "") +2 0 (450)
K,

2KC 2Kc 4

This in turn simplifies to the form

Ka — Kp Kd
ul2‘—ul( )————:0
Ke Ke

(45b)

Substitution of the rate ratio and equilibrium constants
then gives

kcaK
w4 uy [ cae (KI}A + 1) — (Kge + 1)]
BC
kcaK
_Keakse _ (46)
BC
Explicitly the rate ratio is
kca _ [u — (Kpc + 1) ] =0 (47)

ch KBC [1—u (KI}A-\L 1]
Since u; > 0, the limits stated above for the type III sys-
tem are found by setting the rate ratio of Equation (47)
equal to zero and to infinity.

EVALUATION OF EXPERIMENTAL DATA

Divariant Case

Any two of the three species may be designated, re-
spectively, as components A and B, provided that neither
X40 = Xpe NOY Xpo = Xp.. Experimental values of the con-
centrations x4 and xs, at known values of the elapsed time,
are required to calculate 1 — (Fg/F,). A logarithmic plot
of |L — (Fp/F4)| vs. t is prepared on the same scale as
Figures 7 and 8. This experimental plot is then super-
posed upon the appropriate one of these two figures, so as
to obtain the best theoretical fit to the experimental data,
and the following values are determined:
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Fig. 9. Values of u; for various directions in which the reaction
path might approach equilibrium.

1. The value of U for the contour.

2. The ratio Q/[1 — (Fp,/F4)], which can be obtained
at the Q = 1 level, and from which u; can be determined
by Equation (34) or (44). Now u, can be calculated from
u; by Equation (10), and U can be verified from u; and
u, together, by Equation (28). The degree of agreement
between results 1 and 2 for U measures the accuracy of
the fit and the satisfactoriness of the reaction model. [If
the limiting ratio (Fgp/Fa) is known, that is, if the straight-
line reaction path has already been established, u; is
known from Equation (44), and a single conversion-time
point suffices to provide the rate coefficients. ]

3. From the match on the abscissa scale, the value of
(M — Xp) is obtained. If Figure 7 applies, T is available
directly. If Figure 8 holds, U is used to determine (T) Q=

by Equation (41); then T/¢ is calculated as (T)Q___ ST
The lumped rate parameter is then

In terms of the intermediate parameters, (A — A2) =

\/A. The analysis up to this point thus provides a knowl-
edge of (xq — &), xc, and kg, through Equations (6) and
(7). This is not sufficient to determine \; and Xy (or «q
and «p) separately; the interdependence of the three terms
is given by Eq}t}lation (7). However, with u; known, re-
course can be had to Equation (39a) or (39b). For ex-
ample, a semilogarithmic plot of F; against ¢ can be used
to evaluate X\;. Then X; is determined immediately from
the known value of (A; — A2). We note that the resulting
lumped parameters u;, up, Ay, and Ay are sufficient to de-
scribe all reaction paths and reaction times for the given
chemical system, without detailed calculation of the true
rate coefficients. Nevertheless the individual coefficients
can easily be determined if desired.

In principle, for a divariant system, as few as two experi-
mental values of compositions along the reaction path will
suffice for determining the rate ratios kg¢c/kap and kca/kas.
If the reaction times also are known for both the points,
the method just outlined will give the rate ratios and the
reference rate coefficient as well; in this case, indeed, the
chord given by the two values of (1 — Fp/F,) plotted
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against ¢ may fit many U contours, but the cross-check be-
tween u; (given by the ordinate) and U can be used itera-
tively to locate the appropriate value. Calculations based
on Equations (39a) and (39b) can be used with these two
points to determine both A, and ), independently of the Q
vs. T plot. If the agreement on \; — A, is unsatisfactory, the
apparent error can be allocated partly to the F’s and partly
to t's, to whatever extent seems appropriate, ang the
iteration for u; and U can be repeated.

It is of value to examine the limiting situation of using
two given sets of compositions, without any time data, to
establish the two rate ratios. Point 1, characterized by Fay
and Fg,, corresponds to a single infinitude of pairs of val-
ues of the rate ratios. Point 2 corresponds to another in-
finitude of such pairs. Thus point 1 gives rise to a curve of
kca/kap vs. kpc/kap, containing the allowable values;
point 2 gives rise to a second such curve; and the parame-
ters for their mutual reaction paths are given by the in-
tersection of the two curves.

In rare cases, Fa and Fg (or related functions of con-
centration, such as x4 and xp) may have been precalcu-
lated for the two pertinent K’s and for a range of values
of rate ratios. In such cases, construction of the rate ratio
plot referred to above will be very simple.

The following iteration procedure is useful in improving
the accuracy of a solution obtained by the master plot
calculation. More generally, it can be used to generate a
solution using composition data from runs having differ-
ent starting compositions, and hence different H. Briefly,
values of u; will be assumed, and the appropriate value of
A2/A; will be calculated for each given set of Fx and Fp
values.

To proceed without reference to F4 and Fp, the as-
sumed u, produces a value of u, by Equation (10). The
values for each set of F4 and Fg are then introduced
through the following relation, as obtained from Equations
(39a) and (395):

N InF, In[(Fa+ u,HFs)/(1 -+ uH)] (49)
N InFy In[(Fa + wHFR) /(1 + wH)]

For each assumed value of u,, this procedure provides one
point on each curve (Az/A; vs. 4;) drawn for an experi-
mental pair of F, and Fg values. After the intersection of
the curves locates the acceptable u; and A\p/A;, the two
rate ratios can be calculated from them.

The master plot calculation is illustrated by the follow-
ing example. A CSTR example presented later illustrates
in a general way the above iteration procedure.

Example

Data from Haag and Pines (3) for the isomerization
of cis-2-butene over sodium-alumina catalyst at 30°C.

02

(1-Fg/Fa)
A

Q
o

ool | i, L1 N | !
2 5 10 20 50 100 200

t (min)

Fig. 10. Matching of experimental data for divariant example to a
U contour on the master plot.
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are given below, as smoothed values read from the pub-
lished curves. Concentrations of x¢, representing 1-butene,
are obtainable by material balance. The lumped rate co-
efficients and the individual rate coefficients are desired.

t, XAs xg,
min. cis-2-butene trans-2-butene
0 1.0 0.0
3 0.905 0.045
10 0.853 0.088
15 0.800 0.129
20 0.755 0.170
30 0.678 0.245
40 0.610 0.324
50 0.549 0.392
70 0.438 0.517
90 0.347 0.612
110 0.288 0.678
%) 0.220 0.753

From the infinite time and initial values, the equilibrium
constants and H are found to be

Ksp = 3.42 Kpc = 0.0361
Kca = 8.08 H = —0.965

Values of (1 — Fg/F4) are calculated and plotted against
time, as shown in Figure 10. The asymptotic value is

(1—Fg/Fa),__ = —1/0.140
Then, by Equation (34)
wH/(1+ wyH) =—1/0.140
uy = 0.909
From u;, Kgc, and KEA, by Equation (10)
u; = —5.94
From uy, uy, and H, by Equation (28)

U = —-0.893
The experimental data are matched to the U = —0.893
contour on the master plot (Figure 7), to give the ratio
T/t =0.111
Then, by Equation (35)
Ar— Ay = 0.124

Values of F; and Fy are calculated at various times
and plotted on a logarithmic scale against time, as shown
in Figure 11. A straight line is drawn through the points
for Fy, and its slope gives

A = 0.139
Then, from A; — Ay

A straight line with the slope of —0.015, shown in Figure
11, exhibits reasonable agreement with most values of Fj.
Now uy, up A1, Ay, and the equilibrium constants are used
to determine the individual rate coefficients, expressed in
units of min.~1;

kap = 0.0093 kiz = 0.0027
kge = 0.0010 khe = 0.0274
kca = 0.0950 kea = 0.0118
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Fig. 11. Determination of %; and Ay for divariant example.

Haag and Pines reported only values for the rate ratios;
their values for the latter agree with those from the pres-
ent fit to within = 20%. This may well represent the
limit of accuracy available from the original experimental
data.

Monovariant Case

This case corresponds to one unknown rate ratio and
one unknown reference rate coefficient. A reliable basis
must exist for inferring that one potential reaction step,
between two of the components, Soes not occur; so that
the reaction system is truly monovariant. As stated above,
a single composition for the reacting mixture, in addition
to the starting point and the equilibrium, suffices to indi-
cate the rate ratio; the reaction time for this single point
then yields the rate coefficient.

0.22

0.16
04 06 0.8 1.0 1.2
Kec/ Kag
Fig. 12. Graphical solution for monovariant
example.
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If two or more points are available with their reaction
times, it is advantageous to match them to the dimension-
less plots of Figures 7 and 8. The product u;u; now de-
pen£ in a simple way upon the unknown rate ratio, which
can be determined explicitly without further cross-plot-
ting. Then (A; — A;)t can be used to determine the un-
known rate coefficient.

If only a single mixture composition is available, its
rate ratio can be evaluated by an iterative method similar
to the one just described for a divariant system. A series
of values of u; (and thus of the rate ratio itself) is as-
sumed. By Equation (49), the known composition gives
a value of the ratio Az/A; for each input u;. A match can
then be sought either on A\;/A; (calculated both from com-
position and from the rate ratio based on the input ;)
or on the rate ratio (calculated both from u; directly, and
from Ap/\; based upon u, and the composition).

Example

Isothermal kinetic data at constant density are given
for the following monovariant system:

A&Z2B=C
XA XB
Initial composition 1.000 0.000
Composition at ¢ = 0.10 0.720 0.239
Equilibrium composition 0.200 0.200

(These are synthetic values, which, as will be seen, were
computed from integer values of the parameters.) The
lumped rate coefficients and the individual rate coeffi-
cients are desired. Equilibrium constants and H are cal-
culated:

Kss = 1.00

Kgc = 3.00 H=—4.00

Att = 0.10

Fs = 0.650 Fg=—0.195

Assumed values of kgc/kap are used with the equilibrium
constants to calculate Ap/A;, uy, and ts. Ay/A; is also calcu-
lated by Equation (49). The two sets of values for Ao/A
vs. kpc/kap are shown in Figure 12, which has the solu-
tion

Az/Ay = 0.200

From Equation (39a)

kgc/kap = 0.730

Ay = 10.0 A= 2.0
A1 is a function of two equilibrium constants, the rate
ratio, and ksp. This is now solved to yield kg = 4; it

follows that k,;B = 4, kgc = 3, and k,';c = 1.

Accuracy of the Method

In the above method for evaluating experimental data,
first, accuracy depends on the validity of first-order kinet-
ics for the actual system. Second, errors in the direct
method depend on ti;e accuracy of graphing and readin
the master plot, in which method visual weighting an
averaging OF points are adopted rather than a statistical
procedure. Third, accuracy can be increased by iterating
in the vicinity of the indicated results, to determine the
most likely intersectio(lillé)oint for the different curves, each
correspondir:% to a different experimental point. As al-
ways, more data should give improved statistical accuracy.
But use of the master plot, followed by iteration, makes
maximum use of whatever number of data are available.

In the example from Haag and Pines, we believe our
fit to be appreciably more accurate than theirs, due to the
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inherent smoothing and weighting of individual data in
the present method. However, if the experimental system
does not in fact correspond perfectly to first-order kinetics,
neither their fit nor ours could be entirely correct.

DESIGN CALCULATIONS

Plots of Eciluation (30) or (31) are useful in predicting
the course of a complex three-component system of first-
order reactions, whether divariant or monovariant. The
batch reaction time, or the tubular-reactor residence time
under constant volume conditions, controls F, and Fp
through their dependence on \t. The proper curve is
determined by A;/\;, which remains constant for a given
chemical system at a single temperature, and by U or V,
which depends not only upon constants u; and u, but
also upon the given starting conditions as represented b
H. Thus two parameters (U or V, and the ratio XQ/X1{
reEIace the three (two rate ratios and H) that would
otherwise be needed to describe a divariant reaction.

Figure 13 shows F, in terms of \,¢, for a specified value
of A3/x; (= 0.8) and several constant values of U rangin
from +10 to —10. This figure can also be used to reag
Fp at constant V, for the indicated values of X\s/A; and
Mt Similar figures are available for A,/A; = 0.01, 0.03,
0.1, and 0.3, and are given in the Appendix.®

CONTINUOUS STIRRED-TANK REACTOR

Rate Equations

The rate in a CSTR is characterized by difference equa-
tions. For the general three-component system

Xa— X
A_t_‘_"_ = — (kap + kcaKia)xa + kasKhoxs + kcaxe
(50a)
Xg— X
B_tL" = kagra — (kasK} + kac)xs + kacKhexc
(50b)
Xe — X
I keaKhaxa + kacxs — (kea + kncKic)xc
(50¢)

Equations (50a) and (50b) are combined by elimination
of residence time ¢ and rearrangement as a linear equa-
tion in the three independent rate coefficients:

bere akap + Bkac + vkca = 0 (51)
a= (x4 — Khp¥a) (*c — %co) (52a)
8= (x5 — Khexc) (xa — %a0) (52b)
y = (xc — Ktaxa) (x5 — %80) (52¢)

Equation (51) can be reduced to an equation of just the
two rate ratios on division by kap:

ksc kca
“ + B kAB + 4 kAB

=0 (53)

To evaluate the rate ratios, at least two experimental
CSTR runs are needed, in which the initial and final com-
positions are known in addition to the equilibrium com-
position. First the coefficients defined by Equations (52a),
(52b), and (52¢) are calculated for each experimental

° Figures for both tubular-flow and CSTR cases have been deposited
as document 9607 with the American Documentation Institute, Photo-
duplication Service, Library of Congress, Washington, D. C., and may
be obtained for $2.50 for photoprints or $1.75 for 35-mm. microfilm.
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Fig. 13. Dimensionless concentration-time groph for predicting
the yield of a reaction system with Ao/%; = 0.6.

run. Then the two equations that result from the substi-
tution of these coeflicients into Equation (53) are solved
simultaneously to yield the two rate ratios, If data for
more than two runs are available, a least-squares analysis
can be used to determine the rate ratios. With one or more
residence times known, Equations (50a), (50b), and
{50c¢) can be used with the calculated rate ratios to deter-
mine the individual rate coefficients. Once the individual
rate coefficients are known, the lumped rate coefficients
A1, Ag, 1y, and u can be calculated for use in design equa-
tions.

In an alternate evaluation method, the lumped rate co-
efficients can be calculated in a manner analogous to the
general iterative procedure for tubular-flow reaction. Wei
(10) gives the solution for ratios Fy and F; in a CSTR:

_ Fa+wHFs 1

Fi= = 4

YU T1FwH 1+ At (54a)
FA+“2HFB 1

Fo= = 54b

2T Tl ¥ uwH 1+ Agt (54b)

Solution for At and Mt in the above equations, followed
by combination of the resulting equations with elimination
of ¢, yields

Ag Fz_l’—].
Ay Fim1—1
_ [ (1= Fa) + uH(1— Fg) ] [ FA+“1HFB]

(l—FA)—i-ulH(l—FB) FA+u2HFB
(55)

The iteration method requires two or more experimen-
tal runs, preferably with different initial compositions. Ex-
perimentally determined initial, final, and equilibrium com-
positions are used to calculate H, F4, and Fy for each
run. Various values are assumed for uy, from which u, is
calculated by Equation (10) using the measured equilib-
rium conditions. For each experimental run, the set of u,
and uy values is used with the respective H, F,, and Fg
to calculate a set of values for \y/\; for that run, which is
plotted against ;. The point determined as the average
intersection of the curves for all available runs gives the
preferred values of u; and Ay/A,.

Example
Kinetic and equilibrium data for a CSTR at a single
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temperature are given for a three-component reaction
system:

Initial composition Final composition

t XA XB Xc XA XB Xc
0.05 1.000 0.000 0.000 0.694 0.110 0.196
0.10 0.000 1.000 0.000 0.149 0.836 0.215
0.20 0.000 0.000 1.000 0.130 0.107 0.763

0 0.200 0.200 0.600

{These are hypothetical values, predetermined for a given
system in order to yield consistent results.) Values of the
lumped rate coeflicients are desired.

Values of H, F,, and Fg are calculated for each run:

t H Fa Fg
0.05 —0.25 0.618 0.450
0.10 —4.00 0.255 0.545
0.20 1.00 0.350 0.465

Equilibrium constants are calculated:

Ksc = 3.00 Kia = 3.00
Substitution into Equation (10) results in
4— Uy
Uy = ————
1— 4u1

Various assumed values of u; are used to calculate values
of uy by the above equation, and both used along with
the set of H, F4, and Fp values for each run to calculate
F1, Fo, and Ag/M by Equations (54¢), (54b), and (55)
for that run. The resulting values of \;/\; are plotted in
terms of u; for each run in Figure 14. The intersection
yields the solution

u; = — 0.388 xo/N = 0.520
Uy is calculated from u;:
uz = 1.719
Equations (54a) and (54b) give values for A; and Xy:
A = 13,16 Ay = 6.84
The rate coefficients are then determined to be
kap =4 Kip = 4
kBC =3 k}gc =1
kea =2 kéa=6

When the iteration method is used, it is important that
the initial compositions for the experimental runs be varied
in order to obtain a well-defined intersection, as in the
above example. Equally important, such variation in the
initial compositions yields rate coefficients that are char-
acteristic of the complete reaction system rather than of
just one area of the system. If the same initial composition
is used for all experimental runs, much greater accuracy
is required in the measurements in order to obtain equally
accurate values for the rate coefficients.

As stated earlier, isothermal kinetic data taken on a
tubular-flow reactor with different initial compositions can
be used in the iterative procedure to provide a plot similar
to Figure 18,* but with use of Equations (39a), (39b),
and (49) instead of Equations (54a), (54b), and (55).

® See footnote on page 945.
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-y,

Fig. 14. lterative solution for applicable values of As/A1 and w1
for CSTR example.

Variation in the initial compositions is just as important
for the tubular-flow reactor as for the CSTR.

Design Calculations

As in the case of tubular-flow reactions, explicit formu-
las expressing Fs and Fg as functions of initial and equi-
librium conditions, rate coefficients, and time can be de-
rived for the CSTR. Fgp is eliminated from Equations
(54a) and (54b) by multiplying Equation (54a) by (1
-+ uH)/uH and Equation (54b) by (1 + u,H)/u,H,
followed by subtraction of one resulting equation from the
other. F, is then obtained explicitly:

u(1 + wH) ur (1 + usH)

Fy= -
(us — u1) (1 + Agt) (ug — uq) (1 + Aot)

Equation (28) can be used to replace u;, 4, and H:
14U U

TSRS

A similar equation is derived for Fy by eliminating Fu

from Equations (54a) and (54b) upon subtraction, which
results in

Fa (57)

Fr = 1 -+ uIH 1 —+ U2H
? (i —u) H(1 + M) (ur—u) H(1 + Not)
(58)
Substitution of V, defined by Equation (28}, yields
1+V \%
Fp= ot (59)

TSR TS

Equations (57) and (59) form the design equations
for the CSTR. These equations differ from the design
equations for the tubular-low case, Equations (30) and
(31), only in the form of the time dependence on the
right side, reciprocal for the CSTR and exponential for
the tubular-flow reactor. (This difference in form makes it
impossible to develop a master plot for the CSTR that
would be comparable to Figures 7 and 8. This same dif-
ference in the time dependence characterizes a single, ir-
reversible, first-order reaction in the CSTR and tubular-
flow cases.)

Plots of Equation (57) and (59) are useful in predict-
ing the behavior of a three-component reaction system in
a CSTR. Five figures in the Appendix show F4 in terms

of Mt and of several contour values of U from 410 to

—10, for specified values of rs/r; (0.6, 0.3, 0.1, 0.03,
0.01). By substitution of V for U these figures also yield
Fpg as a function of V, Xo/A\; and A\t. Comparison of each
CSTR curve with the corresponding tubular-flow curve
shows that they coincide at small times. At large times
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they gradually spread apart, with the tubular-flow curve
approaching equilibrium much faster.
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NOTATION

A, B, C, = chemical components

F4, ete. = fractional approach of component A to its equi-
librium concentration

F1, etc. = function of F,, Fg, u;H; Equation (39). (F,
corresponds to by/b,° as used by Wei and Prater.)

H = ratio of initial concentration differences from equi-
librium, (%o — %*Be)/ (%40 — %Xae)

t -
Kim, Kim = equilibrium constant for (forward, reverse)
reaction, ] > m

kim, k;m = rate coefficient for (forward, reverse) reac-
tion, | — m; time™—!

Q@ = concentration function in dimensionless relation,
Equation (34)

R = total rate vector

Ry, Ry = constituent rate vector along characteristic path

i, etc. = rate vector for reaction I - m

T, T" = time function in dimensionless relation, Equation
(35) or (40)

time

parameters derived from uy, tg, and H; Equation
(28) or (29); dimensionless

U3, 4y = lumped rate ratio parameter; dimensionless

x4, etc. = mole fraction of A in the mixture A + B + C

t
U,v

A
Kq, €tC. } = lumped rate coeflicient parameters; time™?

A, Ag or time ™2
Subscripts
@ starting condition

equilibrium
component reacted in given reaction
component formed in given reaction

[ |

e
l
m
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